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Introduction 
The extension problem for Lie group homomorphisms is as follows: 
Extension Problem. Let G and H be Lie groups with G connected. Let g and fj 
denote the Lie algebras of G and H, respectively. Given a Lie algebra homomorphism 
Q : g + f), the problem is to give necessary and suficient conditions for the existence of 
a Lie group homomorphism F : G + H whose tangent map F at the identity element 
is cc. 
We note that due to G being connected, it is a simple matter to show that if an 
extension exists, then it is unique. A well-known classical result states that if G is a 
connected simply connected Lie group, then there is a unique F with @ = (Y. Thus 
one has a partial answer to the extension problem which is far from being optimal. 
The main objective of this paper is to give a more complete answer to the extension 
problem. Our approach is to use differential geometry in order to show that one can 
solve the extension problem if and only if one can solve a certain problem in the theory 
of invariant connections in a principal bundle, cf. Theorem 1 in Section 2. 
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In Section 1 we provide an elementary discussion of the theory of flat invariant 
connections in the trivial principal H-bundle G x H 5 G. In particular, Proposition 1 
therein gives the natural correspondence between flat invariant connections in this 
bundle and Lie algebra homomorphisms from 0 to b. This result is a special case 
of a more complicated theorem of Wang [7] that deals with invariant connections in 
homogeneous principal bundles. 
Section 2 contains the main result which states there is an affirmative answer to 
the extension problem if and only if the flat invariant connection in G x H J G 
determined by cy admits a parallel section. In contrast, Theorem 2 in Section 3 answers 
the following variation on the theme of the extension problem: 
Problem 2. Determine the connected coverings N of G to which cr extends. 
Briefly, it is observed that the holonomy bundle P(e,e) through the identity (e,e) 
is naturally a connected Lie group covering G. We show that P(e, e) is a connected 
immersed subgroup of G x H On where Hop is intended to mean H with its opposite group 
structure. In addition, the homomorphism Fp : P(e, e) + H defined by (g, h) H h-l 
gives an extension of the Lie algebra homomorphism CY. Moreover, P(e, e) is optimal 
in that (Y extends to a connected covering N of G if and only if N covers P(e, e). In 
this case the extension must factor through the holonomy bundle. 
In Section 4 we study a further variation of the extension problem that goes as 
follows: 
Problem 3. Let K be a connected immersed subgroup of G. Find necessary and 
suflcient conditions that allow one to conclude that if a Lie algebra homomorphism 
a:8 + b partially extends to a homomorphism from K to H, then in fact it must 
extend all the way up to G. 
Our answer, which is given in Theorem 3, shows how the topology of G enters into 
the extension problem. As in Theorem 1, the ideas of differential geometry provide an 
indispensable tool for answering this topological and algebraic question. 
Finally, in Section 5 we begin with an illustration of Theorem 2 and end with an 
application of Theorem 3 to the theory of complex Lie groups. In particular, it is 
shown that Theorem 3 can be used to give an alternate proof of the Weyl Unitary 
Trick. This classical theme deals with extending a Lie group homomorphism from a 
maximal compact subgroup K of a connected complex semisimple Lie group G into 
some abstract complex Lie group H up to a holomorphic Lie group homomorphism of 
G into H. 
1. Flat invariant connections and Lie algebra homomorphisms 
Let G and H be Lie groups with g and b denoting their respective Lie algebras. We 
assume throughout that G is connected. This section will describe the correspondence 
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between the set of flat G-invariant connections in the trivial homogeneous principal 
H-bundle 
GxH-TG 
and the set of Lie algebra homomorphisms o : g + f~. This section also provides the 
framework necessary for the remainder of the paper. 
A connection in the bundle P = G x H is determined by choosing a smooth horizontal 
distribution. By definition this means the following: there must be a smooth assignment 
of subspaces p H 3-1, c T,(P) for p = (g, h) E P, called horizontal subspaces, which 
are complementary to the vertical s&spaces V, = ker Ta, and which are also invariant 
under the natural right H-action that makes P into a principal bundle, i.e., 
T% ( 7-1 (s,h) ) = ‘H (S,hhl) (Vhr E H). 
Note that Tx and TRh are the tangent mappings of the projection n(g, h) = g and of 
right translation RhI (g, h) = (g, hhr), respectively. 
Alternatively, a connection can be specified by giving a connection form. This is an 
b-valued l-form w on P satisfying two conditions: 
w(&/) = Y (VYW (1.1) 
and 
R; w = Ad&-‘) o w (VhhE H). (14 
Note: 2, denotes the fwdamentul vector field on P generated by y E 3, i.e., 
2, (9, h) = $ (9, h-p(W). 
t=o 
Projection onto the vertical subspace at p is given 
the linear isomorphism y w Z,(p). The horizontal 
of wp. 
by the connection form followed by 
subspace at p is given by the kernel 
A connection is called G-invurian~, or simply invariant, if the horizontal subspaces 
are also invariant under the left G-action L,, (g, h) = (gl g, h). This is precisely the 
action that makes P into a homogeneous bundle [6]. Alternatively, it is necessary that 
the connection form satisfy 
LI;w=w (VscG). 
The G and H actions on P show that an invariant connection is completely determined 
by its value at (e, e). Since this combination of the left G-action and the right H-action 
is free, it follows that 7-1(,,,) can be an arbitrary complement to IJ in g x b = T(,,,)P. 
Such a complement can be described by giving the projection onto h with kernel equal 
to the complement. Thus, invariant connections in P can be given by linear mappings 
a! : g + IJ. The appropriate correspondence is that 
W(W) (5, Y) = Q (4 + Y (l-3) 
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OF 
3-t(e,e) = {(v44) Ix E e}. 
More generally, 
wfslh) ( TL, TRh (2, y)) = Ad(h-‘) ( a @) + y). 
(1.4) 
(1.5) 
The curvature of a connection w is the II-valued 2-form R given by 
R=D,w (1.6) 
i.e., the covariant exterior derivative of w, cf. [l]. Said differently, each vector field X on 
P has a unique decomposition into its horizontal and vertical parts. These are denoted 
by Xh and X”, respectively. The meaning given to equation (1.6) is then as follows: 
R(X,Y) = dw(Xh,Yh) 
= -_w ( [Xh7yh1) (VX,Y E X(P)). (1.7) 
A connection is flat if its curvature is identically zero. By (1.7), this occurs if and only 
if the Lie bracket of horizontal vector fields (X = Xh) is again horizontal. 
We note that if the connection is invariant then its curvature is also. Moreover, since 
the curvature is a tensor, invariance and condition (1.2) imply that its value at an 
arbitrary point p = (g,h) is completely determined by its value at the point (e,e). 
This leads to the following proposition characterizing the flat invariant connections in 
the bundle P. 
Proposition 1. The set of invariant connections in the trivial principal H-bundle 
G x H J G is given by the set L(g, lj) o f I inear mappings (Y : g + h. Moreover, in this 
description the invariant connection corresponding to cy E L(g, 4) is flat if and only if 
cx is a Lie algebra homomorphism. 
Proof. The above discussion and equation (1.5) give the correspondence between in- 
variant connections in P and linear mappings a! : g --f $. What needs to be proven is 
that the curvature is zero if and only if cr is a Lie algebra homomorphism. 
There is a natural family of horizontal vector fields on P. Given 5 E g let 
X(gA = $ _ t O (s.exp(t2),exp(-tcr(s)).h) 
= T&T& (+-a(z)). 
wo 
This vector field is visibly horizontal for the invariant connection determined by cr. 
Moreover, the set of such vector fields for all z E g give all possible horizontal tangent 
vectors at (e, e). Thus the curvature of the connection corresponding to (Y is completely 
determined by the values of --w ( [X, Y ] ) ( e e , ) f or vector fields X and Y of this special 
type. In particular, the curvature is zero if and only if w ( [ X,Y ] ) (e, e) = 0 for all 
such X and Y. 
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Lemma 1.1. Given x and y in g, let X and Y be the corresponding horizontal vector 
fields on G x H. Then the Lie bracket of X and Y has the following property: 
Proof. The flows of the vector fields X and Y are given by 
Ft(g,h) = (g.exp(tx),exp(-tcr(x)).h) 
and 
G&h) = (s.exp(sy),exp(-sa(y)).h), 
respectively. From the dynamical system formulation of the Lie bracket we have 
[X,Y](e,e)= $1 _ $) _ (F-toGsoFt(e,e)) 
t-o S-O 
(exp(tz)exp(sy)exp(-tx), 
ew (t a (4 1 exp ( --s~~dbw+W~))) 
=- ,“,I _ (Ad(exp(Wy, -AdkxdWWdd) 
t-o 
= mYI, -_[447Q(Y)I). 
The appearance of the minus sign in the second part of this expression is due to the 
fact that the horizontal vector fields X and Y are invariant under the right action of 
H whereas the Lie algebra structure of h is defined by the Lie bracket of left invariant 
vector fields. Cl 
Continuing with the proof of Proposition 1, we have 
w([x,Yl> (e,f9=w(e,e) ([x~Yl7 -[a(z)7a(Y)l> 
= 4z,Yl- b(4,dY>l. 
It is now clear that the curvature is zero if and only if a! is a Lie algebra homomorphism. 
This completes the proof of Proposition 1. Cl 
The O-homomorphism g ’ . ---f IJ grves rrse to the canonical invariant connection we 
in the bundle P. The canonical connection is flat and is actually invariant under the 
action of all of G x H, i.e., 
Li,,h) wo = wo (v (0) E G x H) 
where Lts,h) (gl, hl) = (ggl, hhl). The interested reader might check that the connec- 
tion defined by a linear mapping o : g + h will have th is larger sort of invariance if 
and only if the image of a is contained in the center of b. 
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2. Global extension of Lie algebra homomorphisms 
Let Q : g + IJ be a Lie algebra homomorphism. A Lie group homomorphism F : 
G + H is said to e&end Q if the tangent mapping of F at the identity is (Y, i.e., if 
k = T,F = CY. Recall that any Lie group homomorphism F “intertwines the exponential 
maps”, that is 
exp@(z)) = F(exp(z)) (VzQ!)* (24 
Thus, by virtue of G being connected, it follows that an extension of a, if it exists, 
must be unique. 
Our purpose in this section is to provide a necessary and sufficient condition for 
deciding when a Lie algebra homomorphism cr extends to a global Lie group homomor- 
phism F, cf. Theorem 1 within. Since the bundle P = G x H -+ G is trivial, there is 
a correspondence, given by graphs, between smooth functions cp : G + H and smooth 
sections u : G + G x H, i.e., a(g) = (g, v(g) ). Next, given any connection form o 
in P 5 G, we say that a section u is parallel relative to w, or simply parallel if no 
confusion is likely, provided the tangent mapping of cr maps tangent vectors of G to 
horizontal tangent vectors of P, that is, if TJ E T,(G) then Tg u(v) E 7fFI,(,). Since the 
horizontal subspaces of w are preserved by right translation by elements of H, it follows 
that if w admits a parallel section, then it admits one which passes through the point 
(e,e) E P. 
Lemma 2.1. Let wm be the invariant connection defined by a linear mapping CY E 
L(g, fj). A section u = id xcp with u(e) = (e, e) is parallel if and only if 
TR& TV TL, (x) = -a(z) WsEG,zcg). (2.2) 
Proof. There is a canonical isomorphism Tt,,h)(G x H) 2 T,G x ThH. Under this 
identification Tu = id xTq. Assuming equation (2.2) we have 
6(z) = (z,-o(2)) (Vz E s)* 
Thus condition (2.2) implies 
Tu TL, (z) = (TL, (4, TV TL, (4 > 
= ( TL, 64 7 -TR v (9) tB (4 > 
= TL, T&(g) ( x7 -a (4 1 E ‘H (g,cp (9)) 
i.e., u is parallel. Conversely, if u is parallel then 
To TL, (4 = ( TL, (4, W TL, (4 1 
is a horizontal vector at ( g, ‘p (g) ). By invariance, the vector 
TL,l TR&, Tu TL, (x) = (5, TR& TV TL, (x)) 
must be horizontal at (e,e). However, since this vector projects to x it must be the 
unique horizontal lift of x at (e, e), i.e., it must equal (x, --QI (x) ). Cl 
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The proof of Lemma 2.1 uses the general principle known as “uniqueness of horizontal 
lifts”. Elaborating further, a connection w in a principal H-bundle P r, M over a 
smooth manifold M gives rise to a splitting of tangent spaces Tr (P) = ‘I&, $ V,. The 
tangent map of x maps each horizontal space ‘HP isomorphically onto T,(r) (M). From 
this one concludes that for each tangent vector v E T,,,(M) and each p E ~-l(m), 
there is a unique horizontal vector V E XH, with Tn (5) = v. This vector is called the 
“horizontal lift of v at p" . Moreover, it follows that any piecewise Cl-curve y in M has 
a unique horizontal lift 7 with arbitrary initial point p E rr-l(y (0)). In other words, 7 
is a curve in P such that 7r o 7 = y and such that y’(t) E XT(~). 
The idea of a connection in a principal bundle giving rise to “unique horizontal lifts” 
has the following useful consequence: 
Proposition 2. Let P 4 M be Q principal H-bundle over a smooth manifold M. Let 
w be a connection in P and let U c M be a connected open set. Suppose further that 
u.i : U + P for j = 1,2, are local parallel sections of P which agree at a single point 
xo E U. Then o1 = 13 on all of U. 
Proof. Let 2 E U be arbitrary. Since U is path connected, there exists a smooth path 
y in U such that y (0) = ~0 and y (1) = 2. By assumption on the Oj, both composites 
61 o y and r7.z o 7 are horizontal lifts of y with the same initial point. Therefore, they 
must coincide and thus or(x) = or( r(l)) = oz( y(l)) = Q(X). Cl 
As an immediate corollary, we have the following: 
Corollary 2.1. Let wcy be the invariant connection in the trivial homogeneous princi- 
pal H-bundle G x H -+ G determined by a linear mapping Q E L(g, b). If w” admits a 
parallel section, then this section is uniquely determined by its value at a single point. 
Clearly, Corollary 2.1 is just a special case of the proposition. Moreover, if a parallel 
section exists, then the unique parallel section u = id xv such that g(e) = (e, e) is 
subject to the following conclusion: 
Corollary 2.2. The mapping cp : G + H defining a parallel section is a Lie group 
anti- homomorphism, i.e., 
cpbl92) = 472M91)* 
Proof. Let gr E G be fixed for the moment and consider the section defined by the 
recipe 
r(9) = (9, ‘p(919)(P(91)-1) (sEG). 
Write the section 7 as a composite 
T = R-l 
VP(Bl) 
0 L-l g1 O c7 O 471 - 
Computing the tangent map of 7 gives 
Tg T (TL, (z) ) = TIC-&) o TL,’ 0 To ( TL,,, (z) ). 
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By the invariance of the connection and the assumption that the section o is parallel 
we see that Ts T ( TL, (x) ) is h orizontal. Thus r is also a parallel section. Since r (e) = 
(e, e), it follows from Corollary 2.1 that 
49) = r(9) (VgEG). 
Consequently, 
V(9) = ~(919)cp(91)-1 
for all g and g1 in G. This does it. q 
By Corollary 2.2 and Lemma 2.1, it follows that a necessary condition for the exis- 
tence of a parallel section for the connection w” is that Q! be a Lie algebra homomor- 
phism. The fact that this is not a sufficient condition is demonstrated by the following 
theorem. 
Theorem 1. Let G and H be Lie groups with Lie algebras g and b, respectively. 
Assume that G is connected. Let a! : g + b be a Lie algebra homomorphism. Then the 
following statements are equivalent: 
(a) cr admits an extension to a global Lie group homomorphism F : G + H. 
(b) The flat invariant connection w” in the bundle G x H 5 G admits a parallel 
section. 
Proof. Suppose the connection ocy has a parallel section. Let o = id xcp be the parallel 
section such that a(e) = (e,e). By L emma 2.1, Corollary 2.2, and the chain rule, the 
function F(g) = cp (g)-l defines a Lie group homomorphism which is an extension of (Y. 
Conversely, suppose Q admits an extension F : G + H. Let a(g) = (g, F(g)-‘), 
i.e., let cp(g) = F(g)-‘. T o s h ow that o is parallel, it suffices to verify (2.2). This is 
proven as follows: first, the inversion mapping L(h) = h-l : H ---f H has the property 
that its tangent map at a point h E H is given by 
T~L ( TLh (Y) > = -T&l (y) (YW* (2.3) 
Next, by using the chain rule, equation (2.3), and the fact that F is a homomorphism, 
it follows that for x E g and g E G 
TV TL, (x) = TL TF TL, (x) 
= TL TLF(,) TF (x) (2.4) 
= -TR& ( k(x) ). 
Since (Y = k‘, it follows that condition (2.2) is met and thus cr is parallel. This completes 
the proof of the theorem. Cl 
A different reason for considering graphs of anti-homomorphisms is as follows. Any 
section c~ = id xcp of G x H + G induces a flat connection with a parallel section, 
namely cr itself, by using the tangent map of c to define horizontal subspaces along 
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the section, i.e., YH((,,,(,ll = To (Ts G), and by using the right H-action to define 
horizontal subspaces elsewhere. Assuming that a(e) = (e, e), this resulting connection 
will be G-invariant if and only if cp is an anti-homomorphism. The proof of this is 
similar to the proof of Corollary 2.2. 
3. Holonomy and the Extension Problem 
The goal of this section is to give the optimal answer to Problem 2 stated in the 
introduction, that is, we answer the following: 
Problem 2. Determine the connected coverings N of G to which the Lie algebra 
homomorphism Q : g + lo extends. 
In preparation for Theorem 2, we begin by assembling some basic facts about the 
concept of the holonomy of a connection. Our main reference for all these facts is 
[5, Chapter 21. Let P 4 M be a principal H-bundle over a connected manifold M. Fix 
base points m E M and p E P such that r(p) = m. Let C(m) denote the loop space of 
all piecewise Cl-loops at m. Note that for us the path product y - T is taken to be the 
composite curve of T followed by y. Next let w be a connection in the principal bundle. 
Given any y E C(m), there is a unique horizontal lift r of y which starts at the point 
p. Since 7 is a lift of a loop at m, there is a unique h E H such that 
y(l) =p.h. (3.1) 
The set of all h E H arising in the above manner constitute the holonomy group based 
at p. A common notation for this group is G(p). The fact that a(p) is at the very least 
an abstract subgroup of H stems from the following simple observation: let rj E C(m) 
for j = 1,2 and let yj denote the horizontal lifts starting at p. Then yj(l) = p - hj. 
Clearly, 
is a horizontal lift of yr - 72 beginning at p. By uniqueness of such lifts, it follows that 
(ri - YZ)- (1) = P - (hl b). 
Similarly, Rhl o (r)- is the horizontal lift at p of the reverse loop y- and hence 
h-l E Q(p) whenever h E Q(p). Thus, (3.1) induces a mapping of C(m) into H with 
image Q(p). In general, this mapping does not descend to give a homomorphism from 
the fundamental group due to the presence of curvature. 
Next, consider the subspace Co(m) c C( m consisting of all null homotopic loops at ) 
m. The restricted holonomy at p, denoted @O(p), is the subgroup of a(p) arising from 
the horizontal lifts at p of all elements of C’(m). Clearly, @O(p) is a normal subgroup 
of a(p)-conjugating a null homotopic loop by an arbitrary loop is still null homotopic. 
Two basic results of the theory are as follows: 
178 R.J. Fisher, Jr., H.T. Laquer 
There is a unique way in which the abstract group Q’(p) can be 
made into a Lie group such that under the canonical inclusion 
map @O(p) is an immersed Lie subgroup of H. Moreover, due 
to the fact that the parallel translation of w varies continuously 
along any piecewise Cl-homotopy, it follows that G”(p) is also 
connected. 
(3.2) 
The abstract group @(p)/‘P”(p) is at most countably infinite. 
One concludes that ‘B(p) is also an immersed Lie subgroup of (3.3) 
H for which @O(p) is th e connected component of the identity. 
Define P(p) to be the set of all Q E P such that there is a horizontal path from p to 
q. An important fact from the theory of connections, known as the Reduction Theorem, 
asserts the following: 
There is a unique principal Q(p)-bundle structure on the set 
P(p) such that P(p) J A4 is a reduced bundle of P -% M. (3.4) 
For a proof of (3.4) see [5, Theorem 2.7.11. The bundle P(p) is called the holonomy 
bundle through p. It is noted that one can also form the holonomy group and holonomy 
bundle at p relative to piecewise C”-loops at m for 1 < lc < co. It is then a theorem that 
the Lie group and principal bundle which result are independent of the choice of k. 
All of the previous discussion specializes to the bundle P = G x H J G from 
Sections 1 and 2. Let (Y : g + IJ be a Lie algebra homomorphism, let P(e, e) denote the 
holonomy bundle through the point (e, e) of the flat invariant connection We, and let 
@(e,e) denote its holonomy group at (e,e). Next, let HOP denote H with its opposite 
Lie group structure, i.e., hr * h2 = h2 hl. The Lie algebra of H“P is IJ as a vector space. 
Its Lie bracket is given by 
b:tvl- = -kYl. 
We denote the opposite Lie algebra by II-. 
Theorem 2. Relative to the canonical inclusion map, the holonomy bundle P(e, e) is 
an immersed Lie subgroup of G x HOP; its Lie algebra is the horizontal space of w” at 
(e,e). In fact, P(e,e) G G is a connected covering. Next the map Fp : P(e,e) + H 
given by 
Fp (g, h) = h-l 
is a Lie group homomorphism extending (Y, i.e., pp o 7i-1 = Q. Moreover, if N is any 
connected covering group of G, then a! admits an extension FN : N + H if and only if 
N is a connected covering of P(e, e). In th is case the mapping FN must factor through 
P(e, e), i.e., there must be a covering map pN : N -+ P(e, e) such that the following 
diagram commutes. 
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Proof. We begin the proof with the following lemma: 
Lemma 3.1. The holonomy bundle P(e,e) is an abstract subgroup of G x HOP. 
Proof. Let pj = (gj, hj) E G x Hop for j = 1,2. Define 
PI *p2 = (m2,hzh). (3.5) 
Note that left translation by h in H OP is the same as right translation by h in H. So 
as to avoid the obvious confusion, any left or right translation map in H will mean 
relative to the original group structure on H and not the opposite group structure. 
Assume now that pj E P(e, e). Let yj be horizontal paths from (e, e) to pj. Then the 
path product 
(J&l 0 L,, 0 72) * 717 
i.e., yr followed by (Rhl o Lg, o yz), is clearly a horizontal path from (e, e) to pl * ~2. 
Thus (3.5) is well-defined when restricted to P(e,e). Next, let p = (g, h) E G x HOP. 
Given a horizontal path y from (e, e) to p, let y- denote the reverse path. Clearly, y- 
is again horizontal and hence 
Rh-l o L,-I o y- 
is a horizontal path from (e, e) to p-‘. Thus P(e, e) is at least an abstract subgroup of 
G x Hop. 0 
The first statement in Theorem 2 now follows directly from (3.4) and [8, Theo- 
rem 3.201. To be more explicit, Theorem 3.20 asserts the following: 
If an abstract subgroup A of a Lie group G has a manifold 
structure (that is, a second countable locally Euclidean topol- 
ogy together with a differentiable structure) that makes (A, i ) 
into an immersed submanifold of G, where i is the inclusion 
map, then it has a unique such manifold structure, and in this 
manifold structure, A is a Lie group, and hence (A, i) is an 
immersed Lie subgroup of G. 
(3.6) 
Next, we show that P(e, e) 4 G is a connected covering of G, cf. [4, Section 16.301. 
First, since P(e,e) 4 G is a principal @(e, e)-bundle, it follows that the vertical sub- 
space at any point is, via fundamental vector fields, canonically isomorphic to the 
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Lie algebra of the holonomy group ia(e,e). But since the connection w” is flat, the 
Ambrose-Singer Theorem, cf. [5, Theorem 28.11, implies that the Lie algebra of @(e, e) 
is zero. So, the vertical tangent spaces to P(e,e) are all zero and thus, since 7r is a 
submersion, it follows that dim P(e,e) = dim G. 
The next step is to show that the horizontal space 
‘FI(e,e) = {( x7 --(y (4 > I2 E s> 
is the tangent space to P(e, e) at the identity (e, e). The horizontal bundle H on G x 
H 2, G determined by wcy is, by virtue of being flat, a completely integrable distribution 
on G x Hon. Moreover, P(e,e) is an integral manifold of 3-1. On the other hand, for 
each z E g the smooth curve (exp (to) , exp (-to (x) )) in G x Hop is horizontal 
and thus is contained in P(e,e). Appealing to [8, Theorem 1.621 or [4, (l&14.7)], it 
follows that (exp(tx), exp(-to(s))) is a smooth curve in the immersed submanifold 
P(e, e). From this and dimension reasons it follows that T(_) (P(e, e)) = ‘II(_). The 
first projection map 7r : P(e, e) --f G is a Lie group homomorphism and its tangent 
map at the identity is the Lie algebra isomorphism + (2, -o(z) ) = 2. So by virtue 
of P(e,e) and G both being connected, it follows that K is a covering map, cf. [8, 
Proposition 3.261. Finally, it is evident from a simple calculation that X((,,,) is a Lie 
subalgebra of g x IJ-. 
Lemma 3.2. The map Fp : P(e,e) + H given by 
Fp (g, h) = h-’ 
is a Lie group homomorphism extending C-X. 
Proof. The map G x H On + H sending (g, h) to h-’ is the composite of two Lie group 
homomorphisms, namely, the canonical projection map followed by the inversion map 
in H. Of course, inversion in H is a Lie group homomorphism from Hop to H. By the 
first statement in Theorem 2, Fp is the restriction of this Lie group homomorphism to 
the immersed subgroup P(e, e). So Fp is itself a Lie group homomorphism. Finally, to 
show that the tangent map of Fp at (e, e) is o, observe that the natural identification 
of g with N te,.?) = T(,+) (P(e, e)) is g iven by the Lie algebra isomorphism 
5s (2,-a(z)) (“E e)* 
Next observe that 
FP (exp(tx),exp(-ta(x)))=exp(ta(x)) 
for each z E g. Clearly, this does it. Cl 
Finally, the last part of Theorem 2 is addressed. Let PN : N -+ P(e, e) be a connected 
cover. Without loss of generality, we can assume that the Lie algebra of N is g and 
that #N(x) = ( 2, --(Y (z) ). Clearly then the composite map FN = Fp o pi is the 
desired extension of a. Conversely, let N be any connected Lie group covering G 
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which also admits an extension FN of o. Let XN : N + G denote the canonical 
covering homomorphism. Define a Lie group homomorphism pi : N + G x Hop by 
PN (n> = (TN (n>, FN (n)-’ ) (MN). (3.7) 
The key point is to show that (3.7) is actually a smooth map covering the immersed 
subgroup P(e, e), cf. [4, Section 19.71. First of all, let n E N and let (g, h) = pi (n). 
Then the tangent map of pi at n is injective since for each z E g 
TPN ( TJ%(~) ) = (TL,(x), -T& ( cr: (x) > ) (3.8) 
cf. (2.4). Thus, the pair (N,pN) is an immersed subgroup of G x Hon. On the other 
hand, the image of pN lies in P(e, e) for the following reason: let n E N and let y be 
a smooth curve from e to n. Then 
TPN (y’(t) ) = TPN 0 TL, (t) (Q> 
= (TL,, bt>, -T&t ( CJJ bt> > > 
(3.9) 
where zt E g and pN ( y(t) ) = (gt,ht). But clearly (3.9) is a horizontal vector at 
PN ( Y (t> >. Thus, P N 0 y is a horizontal curve from (e, e) to PN (n) and so PN (n) E 
P(e, c). 
To show that PN maps onto P(e, e), proceed as follows: let (g, h) E P(e, e) and let y 
be a smooth path in P(e, e) from (e, e) to (g, h). Since P(e, e) z G is a covering map, 
y is the unique lift of T o y which starts at (e, e). On the other hand, since N 2 G 
is a covering map, there is a unique lift r of K o y beginning at the identity e of N. 
But from 7rN = r 0 PN it fohows that PN 0 r is also a lift of ?r 0 y starting at (e, e). By 
uniqueness of such lifts, pN o r = 7 and hence PN ( r (1) ) = 7 (1) = (g, h). 
Since the topology of the immersed subgroup P(e, e) is finer than its relative topology 
from G x HOP, we need to prove that pN is smooth as a map to the immersed subgroup 
P(e, e). As indicated just prior to the statement of Lemma 3.2, the immersed subgroup 
P(e,e) is an integral manifold of the completely integrable distribution ‘FI defined by 
the connection w”. Since pi maps N to P(e,e), by applying [8, Theorem 1.621 or [4, 
(18.14.7)] once again, it follows that pN remains smooth as a map into the immersed 
subgroup P(e, e). Now then, it is evident from (3.8) that $N is an isomorphism. So since 
both N and P(e,e) are connected, it follows that pN is a covering homomorphism. 
Finally, the remainder of Theorem 2 is clear by construction. q 
With the notation and terminology of Theorem 2, the following is an immediate 
corollary. 
Corollary 3.1. Let C? denote the universal covering group of G. Then c!$ covers the 
holonomy bundle P(e, e) and hence the Lie algebra homomorphismra extends to c?. In 
fact, if G is already connected and simply connected, then P(e, e)ZG. 
The classical approach to the proof of Corollary 3.1 is by means of the Principle of 
Monodromy, cf. [3, pages 46-501 or [4, Sections 16.28 and 16.301. Actually, Corollary 3.1 
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is a bit stronger in that the Principle of Monodromy is only used to show that a local Lie 
group homomorphism on a connected open neighborhood of the identity always extends 
whenever the source group is connected and simply connected. Recall that given Lie 
groups G and H and a neighborhood U of the identity e in G, a mapping F : U + H 
is called a local homomorphism provided F(gr 92) = F(gr) F(gz) whenever 91, g2 and 
gr g2 belong to U. On the other hand, from the Baker-Campbell-Hausdorff formula, 
also known as the BCH-formula, it can be shown that a Lie algebra homomorphism 
(Y : g --) lj must always extend to a local Lie group homomorphism. To be a bit more 
explicit, recall that the BCH-formula gives an expression of the multiplication in G 
in exponential coordinates, and in so doing, shows how the exponential map relates 
the Lie algebra structure of g to the multiplication in G. The BCH-formula is a fairly 
complicated expression, to wit, let U be a sufficiently small neighborhood of 0 E g. 
Then the formula states that 
(exp+(expy) =exp(p(wd) (X,YW 
where p (x, y) is an explicit power series expansion in iterated brackets of x and y. So 
as long as p (x, y) converges, it has the feature that for any Lie algebra homomorphism 
CY:g-+h 
QY(P(XTY)) = PWMY)). 
Thus the BCH-formula provides an elegant proof that a local extension of (Y must 
exist. This goes as follows: assume that V and U are chosen so that exp : U + U is a 
diffeomorphism. By equation (2.1) one is forced to define F : U + H by 
F(expx)=exp(o(s)). 
The BCH-formula shows directly that this F is a local Lie group homomorphism. 
In contrast to the previous paragraph, Theorem 2 offers the following perspective: 
let We be as in the theorem. Since w” is flat, the Ambrose-Singer Theorem implies that 
the Lie algebra of the holonomy of w” is trivial and hence the restricted holonomy 
group @‘(e, e) is trivial as well. Now then, let V be a connected open neighborhood of 
e such that xl(V) = 0. Define B : V + G x H by 
0 (9) = Xl) (9EV) (3.10) 
where 7 is the horizontal lift of a path in V from e to g. To see that u is well-defined, 
let T be a second path in V from e to g. Then the horizontal lift of the loop r- . y 
determines an element of the restricted holonomy @O(e, e). Since the latter is the trivial 
group, it follows immediately that 
F(1) = T(l). 
To prove that cz is parallel, one repeats the argument leading to (4.2) in the next section. 
Next, let U be a connected open neighborhood of e with U2 c V. We claim that there 
is a local extension of o defined on U, namely F(g) = cp (9)-l where c = id xcp. The 
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proof of this is the same as the proof of Corollary 2.2. The key point is that for gl E U 
the section 
r(9) = (9, cp(9*9)cp(91Y) (9 E U). 
is a well-defined, parallel section on U which agrees with o at e and thus equals 0 on 
all of u. 
The following corollary shows that Theorem 1 is also an immediate consequence of 
Theorem 2. 
Corollary 3.2. The Lie algebra homomorphism CI : g + lo extends to a Lie group 
homomorphism from G to H if and only if P(e, e) is isomorphic as a Lie group to G, 
or equivalently, if and only if the holonomy group @(e, e) is trivial. 
Finally, to close this section we show how fundamental groups interact with the 
extension problem. 
Corollary 3.3. Let F : G - + H be the extension of E to the universal covering groups. 
Then CY has an extension F : G + H if and only if F (rl(G)) C_ nl(H). 
Proof. Consider Theorem 2 in the case where N = G, the universal covering group 
of G. By Corollary 3.1, we know that there exists an extension FN : N --f H so 
that the commutative diagram in Theorem 2 is valid. By Corollary 3.2, there exists 
an extension G + H if and only if the holonomy group Q(e, e) is trivial. By the 
commutative diagram, this is true if and only if PN (nr(G)) = {e}. Next, pN (nr(G)) = 
{e} if and only if FN (nl(G)) = {e}. Th is is clear because the restriction of Fp to 
any fiber of the holonomy bundle is injective and more_over PN (RI(G)) is contained in 
the fiber through the identity. Finally, the statement F (nl(G)) c XI(H) is equivalent 
to FN (nl(G)) = {e): 0 
4. Extensions from subgroups 
The objective of this section is to answer Problem 3 stated back in the introduction. 
Throughout K will denote a connected immersed subgroup of the connected Lie group 
G and e will denote its Lie algebra. 
Theorem 3. Let K be a connected immersed subgroup of a connected Lie group G 
and let i : K + G denote the inclusion map. Then i, 7r1( K) = ~1 (G) if and only if 
for every Lie group H and every Lie algebra homomorphism (Y : g + b, if Q extends 
to K, i.e., if there exists a Lie group homomorphism F : K --f H such that k = crle, 
then 01 extends to G. 
Proof. By Proposition 1, the restriction of o to e uniquely determines a flat K-invariant 
connection in K x H --f K. We will also denote this connection by wcy since it is, 
evidently, just the restriction to K x H ---f K of the flat invariant connection in G x 
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H + G defined by the unrestricted a. Now suppose that cy : g + IJ extends to 
K. Let FK : K t H denote the extension. By Theorem 1, it follows that the map 
flK : K + li’ x H given by 
w&) = (k, J’&)-’ ) (kEK) 
is a parallel section for 0. 
The immediate goal is to show that UK extends to a parallel section of the larger 
bundle P = G x H. So let 7 be any piecewise Cl-path from e to a point g. Take y to 
be the horizontal lift of 7 starting at (e, e). Define 0 : G + P by 
a(g) = ? (1). (4-I) 
The claim is that (4.1) is well-defined; to wit, let r be a second piecewise Cl-path from 
e to g and 7 the corresponding horizontal lift at (e, e). The composite path 7-r - y is a 
loop at e which by hypothesis is homotopic to a loop 6 at e in I<. One has 
(a) (r-l .7)-(l) = (e,e).h for some h E @(e,e), 
(b) T(l) = 7(l). h for the same h as in (a), and 
(c) 6 (1) = (e,e) . k f or some k E QK(e, e)-the holonomy through (e, e) of w” in 
K x H + K. 
The continuous dependence of parallel transport along a Cl-homotopy combined with 
the discrete nature of the holonomy group in the case of a flat connection shows that 
k = it. So by applying Corollary 3.2 to w” in Ii x H + K it follows that iPK(e, e) = {e} 
and hence h = e. In other words, y (1) = ?(l) so that (4.1) is well-defined. 
It remains to show that u is a smooth parallel section extending UK. So let z E 0. 
To show that u is parallel, it suffices to prove that Tu (TL,(x)) is a horizontal vector 
for each g E G. Let 7 be a piecewise Cl-path from e to g. Take rt(s) = gexp (s t z) 
where 0 < s < 1 and t E IR. Let 7t = rt. y-the product path of 7 followed by rt. Next, 
the horizontal lift of rt(s) beginning at (g, h) is 
(g.exp(stz), exp(-sta(z)).h). 
On the other hand, $ is the product of horizontal lifts, namely, y followed by the 
horizontal lift of rt starting at the point 7 (1) = a(g) = (g, h). Thus, 
u (g.exp(ts)) =$(l) = (g.exp(tz),exp(-ta(z)).h). 
It follows from (4.2) that 
(4.2) 
Tu ( TL&) ) = T& o TL, ( 2, --cy (z) ) 
and hence u is a parallel section. 
The restriction of u to K, denoted ul~, is clearly a parallel section of the immersed 
subbundle K x H ---f K and it agrees with UK at the point (e, e). So by Corollary 2.1 
UlK = UK. Finally, let u(g) = (g,(p(g)). By applying Theorem 1, it follows that 
F(g) = 9(g)- r is a homomorphism extending FK. 
Conversely, suppose that i, : rl(K) --f nl(G) is not surjective. Let IK = i,(lrr(K)) 
and let 6 denote the universal cover of G. Take H = ~/I’K and let p : G + G and 
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Q : G --f H denote the canonical covering maps. Note that H is a Lie group because 
IK c I’ = wr(G) h h w ic is contained in the center of G. Without loss of generality, 
identify the Lie algebras of G and H with g so that + = id and $ = id. Next, take 
Q: = id : g + g. The point then is to show that a extends to K but that it does not 
extend to G. To see that (Y extends to K, argue as follows: each loop 7 in G at e has a 
unique lift to G which starts at the identity Z. Now then y (1) E I?. Consequently, the 
composite Q o y is the lift of 7 to H starting at q(Z). Clearly, this lift of 7 is itself a 
loop at q( Z) if and only if 7 (1) E I’K. 
Define the extension j : K + H as follows: let k E K and let 6 be any piecewise 
Cl-path in K from e to k. Define 
j(k) = s@(l) > (4.3) 
where s is the unique lift to G starting at Z. From the observation in the previous para- 
graph, it follows that (4.3) is well-defined. Moreover, j is a Lie group_ homo_morphism 
because-p and q are homomorphisms and because the product curve 61(t) . b,(t) is the 
lift to G of fir(t) - 62(t). Finally, to show that j extends o observe that for each 2 E C 
the curve exp (t z) is mapped to j( exp (t X) ) = exp (t z) l?K c H. 
If it were possible to extend a to a homomorphism F : G -+ H, then F would have 
to be the inverse of the covering homomorphism a : H ---f G. This is clear because 
the tangent mapping of r o F at e will be the identity. By connectedness and (2.1), 
r o F = id. However, this contradicts the fact that k is a proper covering. Cl 
5. Examples and applications 
In this section examples and applications of the previous work are presented. We 
begin with a simple illustration of Theorem 2 from Section 3. 
Example. Let G = H = S’ = { eiz 1 2 E W}. The Lie algebra g of S1 is i R and the 
exponential map is just the restriction to g of the usual complex exponential function 
exp : @ -+ @*. Since i R is an abelian Lie algebra, the set of Lie algebra endomorphisms 
of i R is the vector space of all real linear maps i R + ill-R. Thus, each real number 
defines a unique Lie algebra endomorphism of g. Each a E lR corresponds to the linear 
map 
ix m six (XER). (5.1) 
We will abuse notation and simply call this map cr. 
The notation and terminology from the earlier sections are maintained throughout. 
Thus, wa will denote the flat invariant connection corresponding to (5.1). Next, e = 
1 E S1 will denote the identity and P(e, e) the holonomy bundle through (e, e) of w”. 
To begin the illustration of Theorem 2, we compute the holonomy @(e, e) explicitly. 
For each n E Z, define 
m(t) = exp (2rint) (0<t<1). 
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The horizontal lift of 7n at (e, e) is given by 
S(t) = (exp (2 n&t) , exp (-2?riant) ) . 
Then yn(l) = ( e , exp (-27&n) ). So by virtue of rr(S1) 2 Z and the connection ua 
being flat, it follows that iP(e, e) is the immersed subgroup 
W, e> = { h, = exp(-27&n) ( n E Z} 
of S1. Consequently, as an abstract grozlp 
(5.2) 
@(e,e) 2 Z, W 
1 
1 +=+ CYEZ 
cr = p/q E Q, p/q in lowest terms (5.3) 
n W o is irrational. 
From the Lie group viewpoint, the canonical inclusion of iP(e, e) into S’ is an embed- 
ding, i.e., @( , ) e e is a closed subgroup of S’, in the first two cases. For the last case 
where CY is irrational, the inclusion map is strictly an immersion. The point being that 
@(e,e) is a dense subgroup of S’ and hence the unique topology of 9(e, e) as a Lie 
group is strictly finer than the relative topology from S1. 
Next we compute the holonomy bundle P(e, e). Given any g = exp (2&u) E S1, the 
curve 
y (t) = ( exp (2nitu) , exp (-2nitou) ) (WWl) (5.4) 
is horizontal and hence ( exp (2niu), exp (-27riou)) E P(e, e). Since P(e, e) -+ S1 is a 
principal iP(e, e)-bundle, it follows from (5.2) that all other points of the fiber of P(e, e) 
at g are of the form 
( exp (2niu) , exp (-2nia~) - h, ) 
for some n E Z. 
The first of the facts in Theorem 2 is that the holonomy bundle P(e, e) is an immersed 
subgroup of G x H On. Specializing to this example, P(e, e) is then an immersed subgroup 
of 5” x S1. To describe P(e, e) as a Lie group, proceed as follows: first, let Q! = p/q E Q 
be in lowest terms. The mapping S’ + S’ x S1 given by 
d - ( zq,z--p) (5.5) 
is, by virtue of (Y being in lowest terms, an injective Lie group homomorphism. In 
addition, the image of (5.5) is P(e, e). To see this, write z = exp (27ri (u/q)), u E Iw. 
Then under (5.5) 
exp (27ri (u/q) ) w (exp (27riU), exp (-2?riou) ). (5.6) 
Hence by (5.4) it follows immediately that (5.5) maps S1 onto P(e, e), and in so doing, 
P(e,e) is the continuous image of a compact set and thus is shown to be a closed 
S1-subgroup of S1 x S1. Moreover, in the discussion it is clear that q can be taken to 
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be the integer 1. Thus, we have described the Lie group structure on the holonomy 
bundle according to the first two cases of (5.3). 
When cr is irrational, define IR + S1 x S’ by 
‘1~ - ( exp (2nizl), exp (-2niou) ) . (5.7) 
Clearly (5.7) is a Lie group homomorphism which by (5.4) has image P(e,e). It is, 
moreover, injective precisely because Q is irrational. It is a standard exercise to show 
that the image of (5.7) is a dense subgroup of S’ x S1. Thus, for cr irrational the 
holonomy bundle P( e , e) is what is classically referred to as “an irrational winding of 
the torus”. 
Theorem 2 also states that, via the canonical first projection map a, P(e,e) is a 
connected covering of S ‘. Let a = p/i as above. Using (5.2) and (5.5) the fiber of 
P(e, e) at .zq consists of the Q elements 
( zq, t-p - h, ) ( h, E @(e,e) ). 
It follows that P(e,e) is a q-fold covering of S1. When o is irrational, (5.2) and (5.7) 
combine to show that P(e, e) is a Z-fold cover. 
Finally, we address the extension Fp of a described in Theorem 2. First take Q = 
p/q. Using (5.5) the extension is the map 
( 
FP 9, z-“) - zp. 
Using (5.7) h w en Q is irrational one sees easily that Fp is the map 
( exp (2aiu), exp (--27rio1~) ) I% exp (2Kioyu). 
Complexification and the Weyl Unitary Trick. We close the paper with an ap- 
plication of Theorem 3 to a classical topic in the theory of complex Lie groups. Let I< 
be a real Lie group. A complezification of K is a pair (i, K+) consisting of a complex 
Lie group K+ and a homomorphism i : K --f Ki (the underlying real group) such that 
the following universal mapping property is satisfied [2]: 
if H is any complex Lie group and if F : K + Ha is a Lie 
group homomorphism,Lhen there exists a unique co_mplez Lie (5.8) 
group homomorphism F : K+ + H such that F = F o i. 
Note that once existence is established, the uniqueness of the pair is a diagram chase 
in the sense that if (j, K’) is a second solution, then the universal mapping property 
requires that there be a complex Lie group isomorphism /3 : K+ E K’ such that 
j = p o i. Moving on, it is clear that ker i c ker F; thus, if there exists one injective 
homomorphism F into a complex Lie group H, then i must be injective. In this case, 
the common practice is to identify K with its image i(K) c KS and also to write Kc 
in place of K+. In particular, if K is compact, then i is injective. This last statement 
is a consequence of the Peter-Weyl Theorem which directly implies that such K admit 
faithful unitary representations. 
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For certain compact connected Lie groups K Theorem 3 can used to directly establish 
the universal mapping property (5.8) and thus identify Kc. As an illustration, we begin 
with the following example: 
Let E be a finite dimensional complex vector space and let h denote a hermitian inner 
product on E. Let G = GL(E) d enote the complex linear isomorphisms of E. The 
complex vector space g of all complex linear transformations of E is the Lie algebra of 
the complex Lie group G. Next, define 
u = {g E G I hb,g4 = h(u,v) Vu,v E E} 
-the unitary subgroup of G corresponding to h. It is a well-known and elementary 
fact that U is a real, compact, connected Lie subgroup of G. 
We will now use Theorem 3 to show that UC is canonically G. To do so, we need 
the following list of basic facts: 
(a)Letu={AE~Ih(Au,v)+h(~,A~)=OVu,~EE}.ThenuistheLiealgebra 
of U. It is a real Lie subalgebra of g. 
(b) Let s = { A E g 1 h (Au, v) - h (u, AU) = 0 Vu, TI E E }. Then s is a real vector 
subspace of g. Also, s = i u and g = u $6. 
(c) Let S+ = {A E s 1 h (Au, u) > 0 Vu # 0}-the positive self-adjoint elements of 
G. Note that S+ is an open convex subset of s which, under the classical exponential 
map exp : g --f G, is diffeomorphic to s. 
(d) The “polar decomposition” of G relative to h is the observation that 
G=S+.U. 
Thus, each element of G is uniquely and smoothly expressed as the composite of a 
positive self-adjoint element with a unitary element. For more details, one may consult 
[4, Section 21.171. Note that if gj = sjuj for j = 1,2 are the polar decompositions of 
two elements in G, then generally the product srs2uru2 is not the polar decomposition 
of grg2. Due to this, Theorem 3 proves useful in what follows. 
Let H be some abstract complex Lie group and F : U t H a real Lie group homo- 
morphism. Take i : U + G to mean the inclusion map. There is a natural candidate 
for the extension of F to G. This goes as follows: let g E G. In terms of (d), we may 
write 
g=s.u 
for unique s E S+ and u E U. Let log : S+ ---t s denote the inverse of the diffeomorphism 
exp : s + S+ . Define 
P(g) = exp ( -i k(i logs) ) . F(u). (5.9) 
Evidently, 3 agrees with F on U. From g = u $ iu and the fact that IJ is a complex 
Lie algebra, it is clear that the tangent map at the identity of ? is pan and hence it is 
a complex Lie algebra homomorphism. T’hus, to show that p is a complex Lie group 
homomorphism, it suffices to show that F is a real Lie group homomorphism. 
The idea is to show that the hypotheses of Theorem 3 are met. To begin recall 
the well-known fact that, by virtue of U being a closed subgroup of G, G ---f G/U 
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is a principal U-bundle. Thus, one may apply the homotopy exact sequence for fiber 
bundles to G --f G/U, cf. [4, Vol. III, page 2281. From (d), G/U 2 S+, which is an open 
convex subset of the vector space 6. Thus, 7rr(G/U) is t rivial. Combining this fact with 
the homotopy exact sequence for G --$ G/U, it follows that i*(rl(U)) = rl(G). By 
Theorem 3, it now follows that F : 24 + H must extend to a Lie group homomorphism 
F:G+H. 
We claim that F = @. We combine three facts to establish the claim. Firstly, 
exp : 6 --f S+ is a diffeomorphism. Secondly, F is a homomorphism. Thirdly, due to 
2 being a Lie group homomorphism, it intertwines the exponential maps of the source 
and target. Let g = s - u E G be as above. Computing: 
F(g) = F(s - u) = F(s) F(u) 
= exp( -i&( ilogs)). F(u) 
= E(g). 
Note that the value of F(s) comes from (2.1) and the fact that F is an extension of 
PC. Having established the claim, it now follows that the universal mapping property 
for a complexification is satisfied by the pair (i,G). 
Moving on, let G now denote any connected complex semisimple Lie group and let 
K be any maximal compact subgroup of G. By analogy with the previous example, we 
can show via Theorem 3 that G is canonically the complexification of K. 
Let C be the Lie algebra of Ii. Then one has the following well-known results paral- 
leling the above example, cf. [4, Sections 21.17 and 21.181: 
(a) The Lie algebra I? is a real form of g, i.e., 
g = *@it. 
(b) The exponential map defines a diffeomorphism of p = i P onto a closed submani- 
fold P of G. 
(c) The map (p, L) H pa k is a smooth diffeomorphism of P x I< onto G. 
L_et H be any complex Lie group and F : K + H a Lie group homomorphism. Define 
F:G+Hby 
P(g) = exp ( -i P(i logp) ) * F(k) (5.10) 
where g = p-k is given by (c) above. Now then, to prove that F is the unique complex Lie 
group homomorphism extending F, one argues, by analogy with the previous example, 
that the hypotheses of Theorem 3 hold. Thus, for any maximal compact subgroup K, 
the universal mapping property of a complexification holds for the pair (i, G). 
Finally, given G, K and H as above, let Home (G, H) denote the set of all complex 
Lie group homomorphisms from G to H. Similarly, we have Horn& (I(, H). The H’eyl 
Unitary Trick asserts the following: the restriction mapping 
T : Home (G, H) + Homn (K, H) (5.11) 
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is a bijection. To see that T is injective, observe that if r (Fl) = T (F-2) then pr It = kzl,. 
Combining this with (a) from above and the fact that the Fj are complex linear, 
it follows that fir = pz. So given that G is connected and that the Fj intertwine 
the exponential maps of the source and target, the equality pr = kz then implies 
that Fl = F2. On the other hand, to show that r is surjective simply observe from 
the previous paragraph that (5.10) is the unique element of Home (G,H) such that 
r(F) = F. This does it. 
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